Abstract. In this paper we construct some algebraic geometric error-correcting codes on surfaces whose Neron-Severi group has low rank. If the rank of the Neron-Severi group is 1, the intersection of this surface with an irreducible surface of lower degree will be an irreducible curve, and this makes possible the construction of codes with good parameters. Rank 1 surfaces are not easy to find, but we are able to find surfaces with low rank, and those will give us good codes too.
Introduction
In the eighties the Russian mathematician and engineer V. D. Goppa introduced the idea of constructing error-correcting codes on algebraic curves by evaluating certain spaces of functions on points of a curve. Let F q denote the finite field with q elements. Let C be an algebraic curve of genus g defined over F q , D = P 1 + P 2 + ... + P n and G divisors on C such that supp(D) ∩ supp(G) = φ. Let
Observe that L(G) is a F q -vector space. The Geometric Goppa code associated with the divisors D and G is defined as the image of the map ϕ : L(G) −→ F q n on higher dimensional varieties is more complicated, by the simple fact that, generally speaking, it is not easy to estimate and control the number of zeroes of algebraic functions on higher dimensional varieties. The reason for constructing codes on surfaces whose Neron-Severi group has rank 1 is the following: if we intersect it with an irreducible surface of lower degree (both surfaces in P 3 ), we obtain an irreducible curve, and this results in good parameters for the code. Unfortunately, surfaces with rank 1 are not easy to find, but we are able to construct good codes using surfaces with low rank, not necessarily 1.
A First Case
In [5] , Swinnerton-Dyer lists all the possibilities for the zeta function of a non-singular cubic surface over a finite field. We can check on Class 12 of Table 1 , page 57 of [5] , that it is possible to have a cubic surface defined over F q with q 2 +2q +1 points, and having Neron-Severi group of rank 1 (since there is no η i of order 1). The existence of such a surface allows the construction of a good code. To estimate the minimal distance of the code, we need the following lemma.
Lemma 2.1. Let X ⊂ P 3 be a smooth surface of degree d defined over F q . Assume that the rank of the Neron-Severi group of X is 1. Let Y ⊂ P 3 be an irreducible surface of degree m < d defined over F q . Then X ∩ Y is irreducible.
Proof:
Step 1: P ic o (X) = 0 (this works for any smooth surface in P 3 ).
Proof: Mumford (in [3] , theorem on page 196) shows that
and since X ⊂ P 3 and X is smooth, Beauville (in [1] , page 99, Lemma VIII.9) shows that dim(H 1 (X, O X )) = 0 and so dim(P ic o (X)) = 0.
Step 2: Let C 0 be a plane section of X. Then NS(X) = C 0 Z.
Proof: By hypothesis, NS(X) is cyclic of rank 1 so if D is a generator, C 0 ∼ nD for some n ∈ Z, and without loss of generality (replacing D by −D if necessary) n > 0. By step 1 above, C 0 is already equal to nD, i.e there exists a plane H with nD = H ∩ X. Suppose that x, y and z are affine coordinates and H is given by z = 0. So X ∩ H is given by h(x, y) n . But then g(x, y, z) = h(x, y) n + zR(x, y, z)
for some R (here g is such that X is given by g = 0). So
n−1 h y + zR y g z = zR z + R and we observe that any point with h = R = 0 is a singularity of X, contradicting its smoothness.
Step 3: If Y is an irreducible surface in
Then, by step 2 above, C i ∼ a i C 0 with a 1 + a 2 = m, and by step 1 this is a linear equivalence. So there exist polynomials 
is reducible (call Y 0 the surface given by {f 1 f 2 = 0}). Then Y λ : f 1 f 2 + λg is a pencil of surfaces with an irreducible member (X, λ = ∞) so a generic member is irreducible but
Back to the code, remember that we need to find a cubic surface S defined over F q containing q 2 + 2q + 1 points and having Neron-Severi group of rank 1. If we can manage to find such a surface with the additional condition that there exists a plane that does not intersect it, we can build a code of length q 2 + 2q + 1 by making the plane that does not intersect the surface the plane at infinity. Using random searching, we were able to find surfaces in P 3 over F 9 satisfying these requirements. So let us estimate the parameters of such a code in F 9 . First, since q = 9, we have a surface S with 100 points, which gives us a code of length 100. Using sections of degree at most 2, we have that the dimension of the code is at most 10 (and since S has enough points, we will se that the dimension is exactly 10). Take the linear space of sections to be generated by
Taking a surface Q ⊆ P 3 of degree 2, we see that the intersection S ∩ Q is either an irreducible curve or two plane cubics (note that only these are possible because of Lemma 2.1). Let us estimate the maximum number of points on the intersection:
Irreducible case: using the adjunction formula, we see that such a curve has genus g ≤ 4. If g = 4, we can use the Stöhr-Voloch bound [4] for the number of points, since it admits a classical system. For a curve C ∈ P n (F q ) of degree d and genus g, we have that the number of points N is bounded by
which in our case (n = 3, q = 9, g = 4, d = 6) gives us N ≤ 30. Observe that this is better than Serre's improvement to Weil's bound
we can use Weil's bound, and have
Two plane cubics: we know that the genus of a plane cubic is 1, and we use Weil's bound to estimate the number of points, so N ≤
If Q ⊆ P 3 has degree 1, then Q is a plane, and the intersection is a plane cubic, which has at most 16 points.
We conclude that constructing a code over F 9 using S with 100 points by evaluating functions of degree at most 2, we will obtain an errorcorrecting code of length 100, dimension at most 10 and minimum distance at least 68. As mentioned before, we have found surfaces satisfying the conditions needed. The surface
and the plane h(x, y, z, w) = g 6 x + 2y + 2z + w − 1
give us a [100, 10, 68] code, showing that the bounds for dimension and minimal distance are actually attained. For ease of notation, we represent the surface as a vector v f of length 20,
where c m is the coefficient of the monomial m in the polynomial f ∈ F 9 [x, y, z, w] that defines S. Also, we write the coefficients in terms of g, a generator of the group F 9 * . The non-intersecting plane is given by the polynomial h ∈ F 9 [x, y, z, w].
Zeta Function and Tate's Conjecture
Given a variety X of dimension n defined over F q , we denote the number of points of X whose coordinates lie in F q r by N r . The zeta function of X is defined as
By results of Dwork, Grothendieck and Deligne, we have that Z X (t) is a rational function that can be written as
where P 0 (t) = 1 − t, P 2n (t) = 1 − q n t and for 1 ≤ i ≤ 2n − 1, P i (t) is a polynomial with integer coefficients, and it can be written as
where the α ij are algebraic integers with |α ij | = q (1) and (2) it is easy to find that
In particular, for surfaces, we have that
and this will be important to estimate the rank of the Neron-Severi group of a surface. In [6] , Tate has conjectured that the rank of the Neron-Severi group of a surface S equals the number of α 2j in (4) with α 2j = q. Although equality has not been proved yet, on the same paper he proves that rk(NS(S)) ≤ #{α 2j |α 2j = q}.
Weil Restriction of Scalars and Neron-Severi Rank
Let C be a plane curve defined over F q 2 by f (x, y) = 0, but not defined over F q . Let g = genus(C). Let {1, α} be a basis for F q 2 as a F q -vector space, with (it will become clear later why we have picked α satisfying this condition)
If x and y are in F q 2 , we can write x = x 1 + αx 2 y = y 1 + αy 2 uniquely with x 1 , x 2 , y 1 , y 2 ∈ F q . Moreover, we have that
. So we can consider the surface S (in 4-dimensional space) defined over F q by f 1 (x 1 , x 2 , y 1 , y 2 ) = f 2 (x 1 , x 2 , y 1 , y 2 ) = 0. The surface S is denoted by W F q 2 /Fq (C) and it is called the Weil restriction of scalars of C over F q 2 . This is a particular case of the general construction: let k be a finite field and K a Galois extension of k of degree n. Let C be a curve defined over K but not over k. The Weil restriction of scalars of C over K (denoted by W K/k (C)) is a variety of dimension n defined over k.
Proposition 4.1. Given C and S = W F q 2 /Fq (C) as above, we have that
Proof: The odd case is straightforward. It follows directly from the construction, since we have that C is defined over F q 2k , but it is not defined over F q k (if it were defined over F q k , then it would be also on F q k ∩ F q 2 = F q , contradicting our original assumption). So we are left to prove the case k even. For that, we are going to show that
over F q k with k even. First, observe that k even implies that α ∈ F q k . Using the notation as above for f, f σ , f 1 and f 2 (with the only difference that now we consider f σ a polynomial on the variables z and w) we have that we need to show
We have that
and so
follows easily from the identifications (and now becomes clear the choice we made for α)
With the result of proposition 4.1 and using Tate's conjecture, we are now able to estimate the rank of the Neron-Severi group of a surface S constructed as above. In the case k odd, we have that
where the last equality follows from (3) with n = 1, and in this case, B 1 = 2g. The result above could lead us to think that rk (NS(S)) ≤ 2g. But we have to consider that an eigenvalue and its negative might occur simultaneously, so cancellations can be happening there. So let us take a look at the case k even:
Observe that eigenvalues equal to q can only come from the terms 2q
. Also, note that the α j occur in pairs, i.e, α j and σ(α j ) are both reciprocal of roots of the polynomial P 1 (t) in the zeta function of C. These facts imply that 2g j=1 α j k 2 will contribute with, at least 2g, and at most 4g 2 eigenvalues equal to q, which gives us the estimate
where the second inequality follows from Tate's result in [6] , and the first inequality follows from the fact that Tate's conjecture is true for product of curves, proved by himself in [7] .
Some Codes
We are able now to construct some surfaces and estimate the rank of its Neron-Severi group. We have shown how the rank depends on the genus of the curve C, so we do not want to work with curves of high genus. The first attempt was to use Weil's descent of elliptic curves. We have found reasonable codes, but nothing very impressive. One can say that this happened because the surfaces did not have many points. Roughly speaking, our codes are good if given the surface and a space of curves on this surface, we can get many points laying "outside" of each of these curves. Again, in general terms, we expect a surface to have the square of number of points that a curve has, so it is reasonable to expect that if we do not have many points on the surface, the difference can not be big enough to give us a good code. With that in mind, we used hyperelliptic curves instead, and we have found better ones. We have constructed codes over F 7 using sections of degree at most 2, more specifically, we took the 11-dimensional F 7 -linear space generated by {x 1 + x 2 , y 1 + y 2 , gx 1 +ḡx 2 , gy 1 +ḡy 2 , x 1 x 2 , y 1 y 2 , gx 1 y 2 +ḡx 2 y 1 , x 1 y 1 + x 2 y 2 , gx 1 y 1 +ḡx 2 y 2 , x 1 y 2 + x 2 y 1 } (whereḡ = σ(g), σ the Frobenius automorphism of F 49 , g a generator of F 49 * ), and we have found codes with the parameters displayed on Table 1 (n is the length, k is the dimension, d is the minimal distance, d best is the best minimal distance found so far, considering the bounds on minimal distance on linear codes kept by Andries Brower in [8] and f (x, y) ∈ F 49 [x, y] is the polynomial that defines a hyperelliptic curve that gave such a code). Table 2 . Best codes found over F 7 with n > 50
Since it would not be very practical to display here all the equations for the hyperelliptic curves that gave us good codes, we have put only one of each. More curves, and the generating matrices for these codes can be found in my web page at http://www.ma.utexas.edu/users/zarzar.
